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Strong collisional shocks in multi-ion plasmas are featured in many high-energy-density environments, in-
cluding Inertial Confinement Fusion (ICF) implosions. However, their basic structure and its dependence on key
parameters (e.g., the Mach number and the plasma ion composition) are poorly understood, and controversies
in that regard remain in the literature. Using a high-fidelity Vlasov-Fokker-Planck code, iFP, and direct compar-
isons to multi-ion hydrodynamic simulations and semi-analytic predictions, we critically examine steady-state
planar shocks in D-3He plasmas and put forward a resolution to these controversies.
Introduction.—Strong shocks in multi-ion plasmas are key
to a number of high-energy density settings. One prominent
example is laser driven Inertial Confinement Fusion (ICF) im-
plosions, which rely upon strong shocks for initial compres-
sion and heating of the fuel. Consequently, multi-ion effects
(e.g., mass diffusion and temperature separation) and kinetic
effects associated with shocks may crucially affect the perfor-
mance of ICF implosions [1–5].
ICF implosions are normally simulated with radiation-
hydrodynamics (rad-hydro). Such a treatment is valid for
NK  1, where NK (the Knudsen number) is the ratio of
the constituent ions’ mean-free-path to a characteristic gradi-
ent length scale. From simple hydro estimates, as the Mach
number, M , of a collisional shock increases, so should NK
[6]. Consequently, the hydrodynamic treatment is formally
valid only for weak shocks with M − 1  1 [7, 8], where
NK ∼ 2(M − 1). Thus, a kinetic treatment is required for
moderate (M − 1 ∼ 1) and strong (M  1) shocks. Despite
this limitation, the structure of steady-state planar shocks in
single species plasmas has been studied in the hydro limit by
multiple authors [7, 9–11].
Initial kinetic studies of strong shocks in a single-species
plasma employed the Mott-Smith ansatz. The Mott-Smith ap-
proach [12] admitted a solution to the Vlasov-Fokker-Planck
(VFP) equations, by assuming that the particle velocity space
distribution in a strong shock has a bi-Maxwellian form de-
termined by the upstream and downstream conditions. These
studies concluded that the kinetic shock width is considerably
greater than the hydro equivalent [8, 12, 13], and is expected
to grow with M [12, 14, 15]. Using a finite electron ther-
mal conductivity, Ref. [12] predicted finite asymptotic growth
and saturation of the ion shock width (normalized to a down-
stream mean-free-path) as M → ∞. The physical explana-
tion is that collisionality is effectively reduced at sites of short
gradient scales (compared to the ion mean-free-path) in the
kinetic regime. Thus, hot ions moving from the downstream
toward the upstream extend the shock width beyond its hy-
dro limits. This broadening of the shock width for M  1
was later observed in FPION VFP simulations of a hydrogen
plasma shock [16, 17].
In contrast to the Mott-Smith prediction in Ref. [12], re-
searchers using the hybrid Particle-in-Cell (PIC) code LSP
found that the shock width (normalized to the ion-ion mean-
free-path in the downstream) reaches a maximum at M ∼ 6,
and monotonically decreases for larger M [18].
It is worth noting that these studies typically considered
single-ion plasmas. Hence, the structure of a collisional shock
in a multi-ion plasma is a largely unexplored problem, and
some controversies exist in the sparse multi-ion literature so
far [18–20]. FPION simulations for multi-ion (planar) plasma
shocks in an equimolar mixture of deuterium and helium-
3 [20] predicted deuterium temperature profiles overcoming
electron temperature ones in the entirety of the electron pre-
heat layer. In contrast, earlier single ion-species FPION stud-
ies [17] and multi-fluid analyses [21] found an ion tempera-
ture lower than the electron temperature in the pre-heat layer.
In principal, one would expect that the electron temperature
will precede any other species; given that the electrons have
a far greater thermal velocity than the ions, and because the
principal heating mechanism for the ions in the pre-heat layer
is thermal exchange with the hotter electrons [6].
In this Letter, we resolve these controversies by systemati-
cally studying shocks in D-3He plasma with both a VFP and
a multi-ion hydro approaches [22]. For this study, we employ
a state-of-the-art VFP code, iFP. This code is fully mass, en-
ergy, and momentum conserving; it is also adaptive and well
verified [23–27]. iFP treats ions fully kinetically, resolving
both species within their own separate velocity-spaces, while
simultaneously solving the quasi-neutral fluid equations for
electrons [28].
Our multi-ion hydro code is grounded in a multi-species
generalization of the Braginskii equations [22, 28–30]. While
it includes full ion diffusion, it assumes that both ion species
have the same temperature. This is a valid assumption for
weak to intermediate strength shocks with M − 1 ' 1, since
temperature separation is a higher-order effect in NK  1
(for details, see Ref. [22]), but not for M  1. The hydro
code has been benchmarked against analytical shock profiles
for M − 1 1 [22].
As we will show, the shock width we observe is consistent
with early Mott-Smith studies. Furthermore, it also depends
upon the relative concentration of the lighter plasma species,
c ≡ ρl/ρ, where ρl is the mass density of the lighter species,
and ρ is the total mass density of the plasma.
Intermediate Strength Shocks.—Weak shocks are accu-
rately described with multi-ion hydrodynamics [22]. We be-
gin by demonstrating that iFP produces correct results in this
limit. Recovering the hydro limit is difficult for Fokker-Planck
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Figure 1: (Color online). Electron and ion temperature profiles (a)
and the change in deuterium concentration, c− c0, (b) for an
M = 1.5 shock.
codes, and therefore, this is a challenging test of iFP’s capa-
bilities. To this end, we compare iFP results to our multi-
ion hydrodynamic simulations. In Fig. 1a, we show electron
and ion temperature comparisons. The initial mass concen-
tration of deuterium (in the upstream, i.e., the left side of the
figure) is c0 ≡ mDnD/ρ = 0.57, where mD and nD are
the deuterium mass and number densities, respectively. The
x-axis is normalized to the DD mean-free-path in the down-
stream, λDSDD, and T0 is the upstream temperature. Although
an M = 1.5 shock is not strictly “weak”, iFP and our multi-
component hydro code demonstrate superb agreement. Note
that, herein, all iFP and hydrodynamic simulations assume a
constant Coulomb logarithm of 10 for all species.
Figure 1a also displays a fundamental feature of interme-
diate and strong plasma shocks: the electron pre-heat layer.
This is the region immediately to the right of the upstream,
where the electron temperature sharply changes ahead of the
ion temperatures, owing to the much smaller electron mass
and greater thermal conductivity.
In Fig. 1b, we confirm very good agreement in D concen-
tration change across the shock front between iFP and the
multi-ion hydro simulation prediction for M = 1.5. Since the
change in the deuterium mass concentration (c− c0, where c0
is the upstream concentration) is more sensitive to NK than
the temperatures [22], larger differences between the hydro
and kinetic results can be better appreciated.
Strong Shocks.—Next, we consider strong shocks. The
structure of a strong (hydro) plasma shock is well known
[7, 9–11]. There are three principal regions: 1) an elec-
tron pre-heat “pedestal” layer where the electron tempera-
ture exceeds the ion temperature, 2) the imbedded/compres-
sion ion shock, and 3) an equilibration layer where the elec-
tron and ion temperatures relax to the downstream values.
The widths of regions 1) and 3) are ∼
√
mi
me
λDSii (where
mi and me are the ion and electron masses, respectively,
and λDSii is the downstream ion-ion mean-free-path), whereas
the width of 2) is a few ion-ion mean-free-paths. With re-
gard to the length of the pre-heat layer, we have found from
hydro simulations that a more accurate estimate is given by
xpre−heat ∼ λee vtheu0 , where λee is the downstream electron-
electron mean-free-path, vthe is the electron thermal velocity
in the downstream, and u0 is the shock velocity. It is easy to
show that λee vtheu0 ∼
√
mi
me
λDSii .
In the following plots, we feature an M = 5 shock, since
our simulations indicate that the essential structure of a plasma
kinetic shock is adequately captured here; i.e., our results for
higher M are qualitatively similar.
In Fig. 2a, we show for an M = 5 D-3He shock a consid-
erable kinetic enhancement of the ion temperature in the pre-
heat layer and at the shock front vs. the hydro simulations.
According to Fig. 2b, the deuterons penetrate a greater depth
into the upstream due to their higher thermal velocity with re-
spect to 3He. In contrast, the corresponding multi-component
hydro result shows a sharp cutoff of the ion enrichment at the
shock front, corresponding to the sharp gradient in the ion
temperature at that point. Consequently, the build up of deu-
terium in the upstream is a purely kinetic effect. Note that the
multi-ion hydro prediction for the ion temperature shows the
pedestal feature, which ends abruptly at the sharp cutoff point
for c − c0. The pedestal structure, which also appears in the
density profiles (not shown), is smoothed in kinetic shocks.
Moreover, the D temperature is higher than the 3He tempera-
ture in the pre-heat layer.
Shock Width. — As mentioned previously, various claims
have been made about the width of the shock forM  1. Ref-
erence [18] defined the shock width (SW ) as the length over
which the ion density increases from 1.2 times its upstream
value, ρ0, to 0.9 times its downstream value, ρ1 (normalized
to the ion-ion mean-free-path in the downstream). This defi-
nition, which is not unique, is attractive for strong shocks, not
only because it is largely insensitive to electron heat flux lim-
iters [18], but also because this width falls short of the density
pedestal ahead of the shock front (a purely hydro-like feature).
For a meaningful comparison, we adopt the same definition.
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Figure 2: (Color online). Temperature profiles (a) and deuterium
enrichment (b) for an M = 5 shock.
From Ref. [22], a hydrodynamic two-ion, stationary,
plasma shock may be described by two equations. Firstly, we
have the electron energy equation:
∂xˆ
(
3
2
pˆe0Tˆe − κˆe∂xˆTˆe
)
+ pˆe0
Tˆe
Vˆ
∂xˆVˆ = νˆei
(
Tˆi − Tˆe
)
,
(1)
where Vˆ ≡ ρ0/ρ, pˆe0 is the electron pressure in the upstream
normalized by the total upstream pressure, κˆe is the normal-
ized electron thermal conductivity coefficient, Tˆi is the sin-
gle ion temperature, νˆei is an electron-ion energy exchange
frequency, xˆ is the distance normalized to the DD mean-free-
path in the upstream, and all other quantities are normalized to
their respective upstream values. Next, we have an equation
for the ion mass density:
2γM2
(
Vˆ − 1
)(
Vˆ1 − Vˆ
)
+
3
2
ηˆVˆ ∂xˆVˆ ≈ κˆe∂xˆTˆe, (2)
where ηˆ is the normalized ion viscosity cofficient, Vˆ1 ≡
ρ0/ρ1, γ = 5/3 is the adiabatic index. Formally, the right-
hand-side of Eq. (2) includes the ion heat and differential mass
diffusion fluxes, but our hydro simulations indicate that the
electron thermal conductivity term, κˆe∂xˆTˆe, dominates.
The electron and ion temperatures inside the shock front
scale as M2, since they are of order the downstream temper-
ature. Next, we note that νˆei(Tˆi − Tˆe) in Eq. (1) scales as
1/M2, since νˆei ∝M−4. This expression is generally smaller
than the left-hand-side of the equation, owing to the fact that
νˆei contains a factor of
√
me
mD
and the energy exchange be-
tween ions and electrons is not the primary heating mecha-
nism within the imbedded shock. For this reason, we ignore
the energy exchange term in Eq. (1), to obtain:[
3
2
+ ln(Vˆ )
]
pˆe0Tˆe− − κˆe∂xˆTˆe ≈ const , (3)
where we have used the fact that the electron temperature
within the shock, denoted by Tˆe−, is approximately con-
stant [9]. The integration constant is effectively zero, as fol-
lows from the upstream boundary condition. Additionally,
1/4 ≤ Vˆ ≤ 1. Given these considerations, and the fact that
Tˆe− ∝M2, we conclude that κˆe∂xˆTˆe must also scale as M2.
We now turn our attention to Eq. (2). The coefficient of ion
viscosity, ηˆ, scales as M6. We may re-write Eq. (2) as:
dxˆ
dVˆ
≈
3
2 ηˆVˆ
κˆe∂xˆTˆe − 2γM2(Vˆ − 1)(Vˆ1 − Vˆ )
, (4)
from which we may conclude that dxˆ/dVˆ scales as M4,
which is the Mach number dependence found in Refs. [13, 14]
for strong shocks using the Mott-Smith ansatz. Normalizing
this to the downstream mean-free-path introduces a factor of
1/M4, indicating that the normalized shock width:
SW ≡ 1
Vˆ1Tˆ 21
ˆ Vˆ= Vˆ10.9
Vˆ= 11.2
dxˆ
dVˆ
dVˆ , (5)
does not scale with M , and therefore reaches a finite asymp-
totic value as M →∞, which is in agreement with Ref. [12].
To integrate this equation, we first note that the electron
temperature within the imbedded shock is approximately con-
stant. For the portion of the pre-heat layer nearest to the up-
stream, ln(Vˆ ) ≈ νˆei(Tˆi − Tˆe) ≈ 0, and thus we may directly
obtain the electron temperature in the pre-heat layer from Eq.
(1) as [6]:
Tˆe(xˆ) ≈
[
15
4
pˆe0
κˆe0
(xˆ− xˆ0) + 1
] 2
5
, (6)
where κˆe0 ≡ κˆe|xˆ=xˆ0 , and xˆ0 is the position of the up-
stream edge of the pre-heat layer. To obtain Tˆe−, we evalu-
ate Eq. (6) at the location of the imbedded shock, which is at
xˆ− xˆ0 = xˆpre−heat ∼ λeevthe/(u0λUSDD), where λUSDD is the
ion-ion mean-free-path in the upstream. The exact value of
xˆpre−heat, which depends on c0, M , etc., is unknown. Con-
sequently, we slightly tweak Tˆe− to best fit the results from
full multi-ion hydro simulations. An expression for Tˆe− al-
lows us to estimate [22] ηˆ ∝ Tˆ 5/2i and κˆe∂xˆTˆe, and we are
4then able to obtain the hydro shock width as a function of M
and c0 using Eqs. (4) and (5).
In Fig. 3a, we present this result forM →∞ andM = 5 as
functions of c0. The semi-analytic curve for M = 5, the blue
dashed line, matches the multi-ion hydro simulation points,
shown in red stars, very closely.
Figure 3b shows the shock width as a function of Mach
number from full multi-ion hydro simulations as red stars for
c0 = 0.40, along with a gray dashed fit curve. The figure
also shows the corresponding iFP shock width. Overlapping
the latter points is the fit for the hydro regime, translated up-
ward by a fixed amount that depends on c0, but not M . We
see that the kinetic shock width, for M  1, is simply the
multi-ion hydro shock width plus a correction. It follows that
the kinetic shock width asymptotes to a constant as M →∞.
Thus, Fig. 3b is consistent with the Mott-Smith results from
Refs. [12–14], but is at odds with Ref. [18], which predicted
that the shock width decreases for M & 6.
The kinetic extension of the shock width is simply due
to hot downstream ions penetrating upstream beyond the ion
density pedestal [17]. We may quantify this effect by plotting
SiFPW − ShydroW vs. c0, as in Fig. 4, normalized to the length
of the electron pre-heat layer. Here, the dots are from simula-
tions, and the green dashed line is a characteristic ion energy
relaxation distance.
The ion energy relaxation distance is obtained by consid-
ering a flow of downstream deuterons into a colder pedestal
plasma in the upstream. Kinetic effects are most prominent in
the pedestal, since this is the site of the sharpest gradients in
temperature, density, etc. Additionally, this definition of the
distance is independent of Mach number for M  1 [11].
This distance can be estimated by considering a character-
istic time for hot particles, α, to exchange energy with colder
background plasma particles, β [31]:
1
τα
≡
∑
β
1
τ
α/β

, (7)
where:
τα/β =
τ
α/β
1
4µ(xβ)/xβ
, (8)
xβ =
(
mβ
mα
)
Tα
Tβ
, µ(x) = 2√
pi
´ x
0
√
te−tdt, τα/β1 =
√
mα
pi
√
2e2αe
2
β
T 3/2α
nβ ln(Λ)
, with ln(Λ) the Coulomb logarithm, Tα the
downstream D temperature, nβ and Tβ the number densi-
ties and temperatures of the plasma species in the pedestal
region, respectively, and mα, mβ , eα, and eβ the correspond-
ing masses and charges. Finally, we define the ion energy
relaxation distance for D as:
d ≡ u0τD . (9)
Reference [17] proposed that the kinetic extension of a
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Figure 3: Semi-analytic multi-ion hydro shock width (for M  1
and M = 5) vs. c0 (a), and the ion shock width vs. Mach number
for c0 = 0.40 (b). Included in (a) are results from full multi-ion
hydro simulations (for M = 5).
plasma shock roughly corresponds to a characteristic slow-
down distance, which is defined similarly to that in Eq. (9)
but in terms of the slow-down time [31]:
τα/βs =
τ
α/β
1[
1 + mαmβ
]
µ(xβ)
. (10)
Using the same definitions of all plasma quantities, we have
plotted the slow-down distance in Fig. 4 as the red dash-dotted
line. Evidently, the extension of the kinetic shock width is
more accurately represented by the total ion energy relaxation
distance rather than the slow-down distance. Moreover, from
Fig. 4 it is clear that the ion energy exchange distance is less
than the electron pre-heat layer width for all c0, suggesting
that the ion temperature cannot overcome the electron tem-
perature in the upstream edge of the pre-heat layer.
Discussion.—We have performed high-fidelity shock sim-
ulations with the VFP code iFP. In the weak shock regime
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Figure 4: (Color online). Simulation results for SiFPW − ShydroW
normalized to the length of electron pre-heat layer vs. c0 and two
proposed theoretical models.
(hardest for VFP codes), the iFP results show excellent agree-
ment with multi-ion hydro simulations, underscoring iFP’s ac-
curacy and reliability.
In the strong shock regime, we found that kinetic effects
saturate for M  1 (i.e., the kinetic extension of the shock
width, normalized to a downstream mean-free-path, becomes
independent of the Mach number). Moreover, the asymptotic
value strongly depends on the upstream deuterium concentra-
tion. This is true of both the multi-ion hydro and kinetic shock
widths, with the latter exceeding the former by a characteristic
ion energy exchange distance. Our findings, while consistent
with early Mott-Smith predictions [12] and Fokker-Planck re-
sults [17], conflict with the LSP (PIC) predictions from Ref.
[18].
Additionally, we have found that the ion temperature never
exceeds the electron temperature in the pre-heat layer, contra-
dicting a recent study with FPION [20], but in agreement with
an earlier FPION study [17], and a study using a multi-fluid
model [21]. Rather, the kinetic multi-ion shock width is ex-
tended beyond the hydro equivalent by a characteristic energy
exchange distance, which is less than the length of the electron
pre-heat layer.
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